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Abstract. The next generation of space-borne gravitational wave detectors may
detect gravitational waves from extreme mass-ratio inspirals with primordial black
holes. To produce primordial black holes which contribute a non-negligible abundance
of dark matter and are consistent with the observations, a large enhancement in the
primordial curvature power spectrum is needed. For a single field slow-roll inflation,
the enhancement requires a very flat potential for the inflaton, and this will increase
the number of e-folds. To avoid the problem, an ultra-slow-roll inflation at the near
inflection point is required. We elaborate the conditions to successfully produce pri-
mordial black hole dark matter from single field inflation and propose a toy model with
polynomial potential to realize the big enhancement of the curvature power spectrum
at small scales while maintaining the consistency with the observations at large scales.
The power spectrum for the second order gravitational waves generated by the large
density perturbations at small scales is consistent with the current pulsar timing array
observations.
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1 Introduction
The detection of the gravitational waves (GWs) from black hole mergers by the LIGO
Collaboration and Virgo Collaboration opens a new window to probe black hole physics
[1–5]. The next generation of space-borne GW detectors will operate in the 0.1 −
100mHz frequency band and detect GWs from supermassive black hole binaries, Galac-
tic white-dwarf binaries and extreme mass-ratio inspirals with primordial black holes
(PBHs) [6, 7]. PBH can be taken as dark matter candidate. Due to the failure of
direct detection of particle dark matter such as weakly interacting massive particles
and axions, the interest in PBH as dark matter has grown recently [8–26]. PBHs with
mass smaller than 1015g would have evaporated by now through Hawking radiation [7].
Observations from femtolensing of gamma-ray bursts [27, 28], millilensing of compact
radio sources [29], microlensing of quasars [30], the Milky way and Magellanic Cloud
stars [31–34] constrained the mass range of PBHs to be from 1015g to 2 × 1017g and
from 2 × 1020g to 4 × 1024g [12]. However, it was shown that the mass window for
PBH as all dark matter is around 1020g [19], or around 5×10−16M, 2×10−14M and
25− 100M [26], so the mass window for PBH is narrow and needs further study.
PBH forms in the radiation era as a result of gravitational collapse of density
perturbations generated during inflation. To produce appreciable abundance of PBH
dark matter, the curvature power spectrum needs to be amplified to the order of 0.01
near the end of inflation, so the slow-roll parameter  is required to decrease by at
least 7 orders of magnitude. This may be realized at a near inflection point where the
potential becomes almost a constant [20, 35, 36]. The models introduced in [20, 35]
avoid the violation of slow-roll and the jump in N at the near inflection point is
around ∆N ∼ 30, but the enhancement of the power spectrum is less than 5 orders of
magnitude. For typical potentials with a inflection point, the problem is that inflation
either ends or the slow-roll condition is violated before reaching the near inflection
point[23, 25, 37]. On the other hand, the deep decrease in  will increase the number
of e-folds N . Furthermore, it is even possible that the sudden change in  lasts for as
long as 60 e-folds, then the power spectrum is featureless only in a narrow range of
scales around k∗, and the µ distortion of the power spectrum becomes large. Therefore,
to get the large enhancement of the curvature power spectrum from the single field
slow-roll inflation, we expect the following problems: (1) the slow-roll approximation
breaks down around the near inflection point; (2) the number of e-folds N is much
larger than 60; (3) the big change in  lasts over 60 e-folds and the µ distortion is
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large; (4) the large enhancement of the power spectrum may induce large second order
gravitational wave signals [38–51].
For the slow-roll inflation, naively we expect that the inflaton almost stop rolling
when the potential becomes very flat, and the number of e-folds becomes very large.
However, if the potential is very flat, then the inflaton enters the ultra-slow-roll inflation
[52, 53] and the analytical expressions for the power spectra from slow-roll inflation
cannot be applied because one of the slow-roll conditions is violated [54]. For the
ultra-slow-roll inflation, the acceleration of the inflaton is locked by the friction term
and the inflaton continues to roll down the potential [55–57], so the number of e-folds
spent at the near inflection point becomes smaller than expected. Therefore, a period
of ultra-slow-roll inflation helps alleviate the large N problem. In this paper, we give
the conditions for the reach of the ultra-slow-roll inflation and use a toy model with
the polynomial potential to show that the successful production of the primordial dark
matter can be achieved by ultra-slow-roll inflation and the problems for the slow-roll
inflation do not exist for the ultra-slow-roll inflation.
2 Primordial black holes from inflation
By using the Press-Schechter theory and smoothing on the scale M with a Gaussian,
the fractional energy density of PBH in the Universe is
β =
ρPBH
ρtot
≈ erfc
(
δc√
2Pδ
)
= erfc
(
9δc
4
√
2Pζ
)
, (2.1)
where the critical density perturbation is assumed to be in the range δc = 0.07 −
0.7 [7, 14–16, 58–61], the density contrast δ is related with the primordial curvature
perturbation ζ as δ = 4ζ/9 during radiation domination, and the power spectrum for
the primordial scalar perturbation is
Pζ = H
2
8pi2
≈ Pζ(k∗) V (φ)
V (φ∗)
(φ∗)
(φ)
, (2.2)
where we choose M−2Pl = 8piG = 1, the slow-roll parameter  =
1
2
(Vφ/V )
2, Vφ = dV/dφ,
and the φ∗ is the value of φ at the time when a given scale k∗ exits the horizon. In
this paper, we choose k∗ = 0.05Mpc−1. Note that the formula (2.2) is valid only with
the slow-roll approximation. PBH with mass greater than M forms when the density
contrast δ exceeds the critical value δc. The mass M of the PBH that forms during
radiation domination is of the same order of the horizon mass MH , M = γMH , where
MH =
4piρ
3H3
=
4pi
H
= Ω1/2r M0
(
g
g0
)−1/6 (
H0
k
)2∣∣∣∣∣
k=aH
, (2.3)
we neglect the difference between the effective degrees of freedom in the entropy
and energy densities and denote them as g, the current value of g is g0 = 3.36,
g = 107.5 for T > 300GeV and g = 10.75 for 0.5MeV < T < 300GeV, Ωr is
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the radiation energy density today, the Hubble constant H0 = 100h km/s/Mpc, and
M0 = 4.63 × 1022M(0.6727/h). We choose the current temperature for the cosmic
microwave background radiation T0 = 2.725 K, so Ωrh
2 = 4.15×10−5. Since its forma-
tion, the energy density ρPBH of PBH scales slower than the total energy density ρtot
of the Universe during radiation domination, so the relative contribution to the total
energy density grows. Ignoring the mass accretion and evaporation and assuming that
β(M) is a constant, we have [16, 19, 23, 42, 48–50]
β = 1.76× 10−9γ−1/2
(
ΩPBHh
2
0.12
)( g
10.75
)1/4( M
M
)1/2
, (2.4)
and the current fractional energy density of the PBHs to dark matter
fPBH =
ΩPBHh
2
Ωch2
= 5.68× 108β(M)γ1/2 0.12
Ωch2
( g
10.75
)−1/4( M
M
)−1/2
, (2.5)
where Ωc is the current energy density of dark matter. If all the dark matters are
PBHs with M = (10−13M, 2× 10−9M) [12, 24] and γ = 1, then we get β = (9.76×
10−16, 1.38× 10−13). If M = (5× 10−19M, 10−16M) [12, 24], here the lower bound is
set by Hawking radiation [7], then β = (2.2× 10−18, 3.1× 10−17).
Since Pζ(k∗) = 2.2 × 10−9 [62], for appreciable dark matter to be in the form of
PBHs, we need a large enhancement on Pζ , for example, at least 7 orders of enhance-
ment from the slow-roll parameter . This requires the potential to be very flat at
the enhancement point. To keep inflation, the enhancement point should be a near
inflection point. However, this enhancement not only decreases the field excursion [63],
but also increases the number of e-folds because
N =
∫ φe
φ
dφ√
2(φ)
. (2.6)
At the near inflection point φinfl, the slow-roll parameter decreases by 7 orders of
magnitude, unless this change happens around ∆φ = 10−6 or less, it will contribute a
lot to N . In fact, almost all the number of e-folds comes from the contribution around
φinfl, then the power spectrum gets big boost in the small scales, this will cause big µ
distortion [50, 64] because the µ distortion is [64, 65]
µac ≈
∫ ∞
kmin
dk
k
Pζ(k)Wµ(k), (2.7)
where
Wµ(k) = 2.8A
2
exp(− [kˆ/1360]2
1 + [kˆ/260]0.3 + kˆ/340
)
− exp
−[ kˆ
32
]2 , (2.8)
kmin ≈ 1Mpc−1, A ≈ 0.9 and kˆ = k/[1 Mpc−1].
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If  changes too quickly at the near inflection point, then the slow-roll condition
will be violated [23] because ∣∣∣∣ ddφ
∣∣∣∣ = √2|η − 2|, (2.9)
where η = Vφφ/V . So either  or η will be larger 1 if |d/dφ|  1. Therefore, we expect
either of the following problems for single field inflation: (1) the slow-roll approximation
breaks down around the near inflection point φinfl; (2) N is much larger than 60; (3)
the power spectrum is enhanced over almost the whole range of the scales k > k∗ and
the µ distortion becomes large.
However, if an ultra-slow-roll inflation in reached, then the slow-roll formula (2.6)
may overestimate the number of e-folds because the acceleration of the inflaton is
locked by the friction term [56, 57]. For example, in the critical Higgs inflation with
the potential V (φ) = λ(φ)φ4/4 and the nonminimal coupling ξ(φ)φ2R [35], where
λ(φ) = λ0 + bλ ln
2(φ/µ), (2.10)
ξ(φ) = ξ0 + bξ ln(φ/µ), (2.11)
an ultra-slow-roll inflation is reached around the near inflection point φ/µ = 0.785 and
we get the enhancement on the power spectrum by about three orders of magnitude if
we take λ0 = 2.69× 10−7, ξ0 = 9.22, µ2 = 0.118, bλ = 1.1× 10−6 and bξ = 10.9 [35]. In
this model, the number of e-folds spent on the near inflection point is only ∆N = 35.
However, the enhancement is not big enough to produce significant PBH dark matter.
We propose a toy model with the polynomial potential to produce a significant
amount of PBH dark matter without the problems for single slow-roll inflation men-
tioned above. We consider the polynomial potential
V (φ) =

V0
∣∣∣∣∣1 +
m=5∑
m=1
λm
(
φ
MPl
)m∣∣∣∣∣, φ ≥ 0,
V0
[
1 +
m=3∑
m=1
λm
(
φ
MPl
)m]
, φ < 0,
(2.12)
where the first three coefficients λ1, λ2 and λ3 are determined from ns, r and n
′
s =
dns/d ln k, the coefficients λ4 and λ5 are determined from the near-inflection condition
Vφ ≈ 0 and Vφφ ≈ 0 1. The polynomial potential may be obtained from supergravity
model building [63]. Choosing φ∗ = −0.54 and φinfl = 0.0367, and using the Planck
2015 results, k∗ = 0.05Mpc−1, ns = 0.9686, r = 0.005, n′s = −0.0008 and Pζ = 2.2 ×
10−9 [62], we get λ1 = −0.0353553, λ2 = −0.0115783, λ3 = −0.00235702, λ4 = 728.239,
λ5 = −11882.9 and V0 = 1.55×10−10. The potential along with its slow-roll parameters
 and η are shown in Fig. 1. From Fig. 1, we see that the slow-roll parameter η > 1
before the inflaton reaches the near inflection point φinfl. Even though η becomes
larger than 1 briefly, the slow-roll parameter   1 and the inflation does not end.
Furthermore, this property is important for the reach of the ultra-slow-roll inflation.
1This is the reason why we need to consider a polynomial with at least fifth degree.
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Figure 1. The potential along with its slow-roll parameters for the polynomial model. The
right panel shows the behaviour of the potential around the inflection point.
Since the slow-roll parameter ηH ≈ 3 near the inflection point, so one of the slow-
roll conditions is violated and the formula (2.2) cannot be used to calculate the power
spectrum near the inflection point. By solving the equation of motion numerically, we
find that inflation ends at φe = 0.14, the inflaton excursion is ∆φ = φe−φ∗ = 0.68MPl,
and the number of e-folds N before the end of inflation when the scale k∗ = 0.05Mpc−1
exits the horizon isN = 62.6. We show the evolution of the scale factor a(t), the Hubble
flow slow-roll parameter H = −H˙/H2 and ηH = −φ¨/(Hφ˙) in Fig. 2. From Fig. 2,
we see that we have the ultra-slow-roll inflation with ηH ≈ 3 around φinfl, the number
of e-folds spent at φinfl is ∆N = 42 and H decreases by 7 orders of magnitude at
φinfl. Note that inflation is kept because H  1 even though η > 1 around φinfl.
The condition η > 1 before φinfl guarantees the reach of ultra-slow-roll inflation at φinfl
because the condition causes V ′ to decrease faster so that it becomes much smaller than
the friction term 3Hφ˙ at φinfl. To ensure enough number of e-folds and keep the power
spectrum to be smooth and featureless over a wide range of scales, we also require a
long period of slow-roll inflation, this can be achieved by choosing the potential to be
a cubic polynomial. This is the reason we take the cubic polynomial for φ < 0. The
long period of slow-roll inflation at large scales also helps to avoid the initial value
problems for the equation of motions because the slow-roll inflation is an attractor.
To calculate the power spectrum Pζ = (2pi2)−1k3|vk/z|2, we need to numerically
solve the Mukhanov-Sasaki equation[66, 67],
d2vk
dη2
+
(
k2 − 1
z
d2z
dη2
)
vk = 0, (2.13)
where z = aH−1dφ/dη = vk/ζ, H = a−1da/dη, and the conformal time dη = dt/a. The
power spectrum from the numerical solution is shown in Fig. 3. By using the numerical
result for the power spectrum, we find that the µ distortion is µac = 1.96× 10−8 which
is consistent with the observations [64]. From Fig. 3, we find that the maximum
amplitude of the power spectrum is 0.0149. If we choose δc = 0.12, we get β = 0.027.
If we choose δc = 0.45 or ζc = 1.01 [25], we get β = 1.39 × 10−16. In Fig. 4, we
show the current fractional abundance of PBH produced from the power spectrum and
the observational constraints compiled in [16]. Therefore, the toy model can produce a
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Figure 2. The left panel shows the evolutions of the Hubble flow slow-roll parameter H
and ηH . The right panel shows the evolutions of the number of e-folds ∆N = ln[a(φ)/a(0)].
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Figure 3. The power spectrum for the polynomial model. The solid line is obtained from the
numerical solution and the dashed line is obtained from the slow-roll approximation (2.2).
We choose k∗ = 0.05Mpc−1.
sizable amount of PBH dark matter and avoids the problems of large number of e-folds
and large µ distortion.
The large density perturbations not only produce the PBH dark matter, but also
generate the second order gravitational wave signal [38, 39]. For the small scales (f =
ck/(2pi) > 10−12 Hz) we are interested in, the modes re-enter the Hubble horizon during
the radiation dominated era. During radiation domination, the Fourier components
of the second order tensor perturbations, for either polarization, satisfy the following
– 6 –
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Figure 4. The observational constraints on fPBH generated by the density perturbation.
We choose δc = 0.4, Ωch
2 = 0.12 and γ = 3−3/2 [7]. For the details of the observational
constraints, please refer to [16] and references therein.
equation [40–42, 44–47]
d2h(~k, η)
dη2
+
2
η
dh(~k, η)
dη
+ k2h(~k, η) = S(~k, η), (2.14)
where the source term is 2
S(~k, η) =
∫
d3k˜
(2pi)3/2
k˜2
1−(~k · ~˜k
kk˜
)2{12Φ(~k − ~˜k, η)Φ(~˜k, η)+
8
[
ηΦ(~k − ~˜k, η) + η
2
2
dΦ(~k − ~˜k, η)
dη
]
dΦ(~˜k, η)
dη
}
,
(2.15)
the conformal time dη = dt/a(t), and the Bardeen potential Φ = 2ζ/3 satisfies the
equation
d2Φ
dη2
+
4
η
dΦ
dη
+
1
3
k2Φ = 0. (2.16)
Solving Eq. (2.14) by using the Green function method, we get the current relative
energy density of gravitational waves [41]
ΩGW (k, η0) = 10P2ζ aeq, (2.17)
where we chose the current scale factor a(η0) = 1 and aeq is the value of the scale factor
at the matter radiation equality. Take H0 = 67.27 km/s/Mpc and Ωm0 = 0.3, we plot
the result for ΩGW in Fig. 5. In Fig. 5, we also show the sensitivity curves [68–70]
for the current and future observations from the Pulsar Timing Array (PTA) [71–74]
2The factor 8 was missed in Eq. (16) in [40].
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Figure 5. The second order gravitational wave signal generated by the the density per-
turbations that produce the PBH dark matter. The black dashed line shows the primary
gravitational waves. The sensitivity curves from different observations are also shown [68–
70]. The pink dashed curve denotes the EPTA limit, the blue dotted curve denotes the SKA
limit, the read dot-dashed curve in the middle denotes the TianQin limit [75], the brown
dashed curve shows the LISA limit [76], and the gray solid curve denotes the aLIGO limit.
including the Square Kilometer Array (SKA) [69], the Advanced Laser Interferometer
Gravitational-Wave Observatory (aLIGO), and the TianQin observatory [75]. From
Fig. 5, we see that the model is consistent with the current PTA observations. For the
half-dome shape of the power spectrum, the generated second order gravitational waves
can be tested by both future PTA and space-borne gravitational wave observations.
3 Conclusions
Dependent on the value of δc, the maximum value and the enhancement of the power
spectrum needed for the production of appreciable amount of PBH dark matter varies
significantly. To keep the slow-roll conditions and inflation, the decrease in  cannot
happen instantly. Since N is inversely proportional to
√
, the not-so-fast change of 
will cause the number of e-folds spent at φinfl to be larger than 60. This will lead to
the enhancement of the power spectrum even at the scale k = 0.1Mpc−1, and cause
the µ distortion to be large. To overcome these problems for the slow-roll inflation, an
ultra-slow-roll inflation should be reached at φinfl because this will cause the number of
e-folds spent at φinfl to decrease while the enhancement of the power spectrum remains.
To reach the ultra-slow-roll inflation, V ′ needs to decrease fast before φ reaches φinfl
so that it becomes much smaller than the friction term 3Hφ˙ at φinfl, this condition
requires |η| > 1 for a short period of time before φ reaches φinfl. Since |η| > 1 happens
for a short period of time, inflation will continue. Because the potential decreases, the
inflaton will not be trapped in the ultra-slow-roll inflation. Therefore, for the successful
production of PBHs from the single field inflation, we should consider the ultra-slow-
– 8 –
roll inflation. In this paper, we propose the conditions to successfully produce PBHs,
and we use a toy model with the polynomial potential to realize the enhancement of
the power spectrum by 7 orders of magnitude. The number of e-folds spent at φinfl
is ∆N = 42 and the maximum amplitude of the power spectrum is Pζ = 0.0149,
so β = 0.027 if we choose δc = 0.12 and β = 1.39 × 10−16 if we choose δc = 0.45.
The model gives ns = 0.9686, r = 0.005, n
′
s = −0.0008 and Pζ = 2.2 × 10−9 at
k∗ = 0.05Mpc−1, and the µ distortion is µac = 1.96 × 10−8. The power spectrum for
the second order gravitational waves generated by the large density perturbations at
small scales is consistent with the current PTA observations, and can be tested by
future PTA and space-borne gravitational wave observations. In conclusion, the model
is consistent with current observations.
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